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We study the poor decay of correlations for equilibrium states of
inhomogeneous fluids and solids, in the regimes of both classical and quantum
statistical mechanics. Our main observation is the usefulness of the statistical
mechanical expression of the siress tensor and its long-range correlations with
the particle density. From this we are able to infer a very slow decay of
correlations for the various molecular distribution functions under discussion.
The derived results are of relevance both for completely inhomogeneous systems
such as quasicrystals or granular structures and for the slightly more regular
cases of, e.g., phase separating layers in fluids and solids, ideal crystals, etc. As
one of the byproducts we prove the nonexistence of plane quantum interfaces in
two dimensions (thus extending earlier results of Requardt to the quantum
regime). The results hold for arbitrary potentials of not too long range.

KEY WORDS: Inhomogeneous equilibrium states; phase boundaries; stress
tensor; poor decay of correlation; static susceptibilities.

1. INTRODUCTION

While most of the bulk properties of classical (quantum) statistical systems
are understood at least in principle—even their phase transitions and
critical point behavior—and while in the last decade many exact results
have been derived for classical lattice systems in the regime of spatial phase
coexistence (cf., e.g., the many papers by J. L. Lebowitz and his group),
there has been less progress in understanding the formation of non-trans-
lation-invariant Gibbs states of infinite continuous systems in the absence
of exterior fields, especially interfaces between various substances or phases
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and modifications of a single substance in the regime where they can
spatially coexist. (As an aside we would like to add the remark that, con-
trary to a perhaps widespread belief, there are marked differences between
continuous and lattice models, in particular concerning the phenomena we
are referring to).

While, e.g., the statistical mechanical theory of surface tension dates
back to the days of van der Waals, it was only quite recently understood
that various of the tacitly made underlying assumptions are not correct or
have to be modified. As far as the liquid-vapor interface is concerned, a
recent account of the state of the art was given in the beautiful book of
Rowlinson and Widom."") Other aspects have been discussed in, e.g.,
Refs. 2 and 3, the latter also treating systems like liquid metals and some
quantum systems.

However, there seems to be much less work on quantum continuous
systems, particularly papers discussing classical and quantum systems on
more or less the same footing. Furthermore, whereas there are certain dif-
ferences concerning the problem of, e.g., solid-liquid, solid—gas coexistence
as compared to the liquid—vapor situation (cf.,, e.g., Ref 4) most of the
analysis can be done along the same lines and after some modifications
also for quantum continuous systems.

One of the main differences as compared to phase transitions in the
bulk is the role the exterior thermodynamic state fixing field plays in this
context, which in the process of quasiaveraging is assumed to be switched
off after the thermodynamic limit has been taken. There are arguments that
for, e.g., space dimension d < 3 the interfacial layer starts to oscillate when
the gravitational field goes to zero such that an interface may be defined
only locally but not globally. This is, however, a subtle point, since the
oscillations go only with the log of the surface area and the reasoning rests
on several assumptions which are both crucial and difficult to verify, such
as analyticity of the Fourier transform of the direct correlation function
¢®(r,, r,) in the transverse direction (cf, e.g., the remarks in Refs. 1, 5,
and 6).

What can, however, rigorously be proved is that there are long-range
correlations in the two-particle correlation function

p(TZ)(rl, ry) = P(z)(’”u r2)—p“)(rl)'p(”(r2)

in the interface of the type <|(r, —r,)*! "2 if a stable plain interface

exists at all (cf. Ref 7). This may have certain consequences for various
physical quantities, such as the compressibility in the interfacial layer, and
for the statistical mechanical expression of surface tension, some of which
have been discussed in Refs. 7 or 8. But we would like to emphasize that
one only gets information about the long distance behavior of |p{?(ry, r,)|



Poor Decay of Correlations 817

and not of pP(ry, r,) itself. Since p'? oscillates around zero as a function of
(r,—r,), integrals over terms containing p'?’, as in expressions for the sur-
face tension, might therefore possibly exist in a generalized Riemann sense
while they diverge with p? substituted by |p{?].

In any case some expressions of physical relevance may become nearly
infinite in the interface, which may be interpreted either as meaning that
there is no stable interface at all or that the interfacial layer displays certain
quasicritical properties. On the other side, we have some difficulty in
imagining that the interface between, e.g., a solid and a gas would actually
wildly fluctuate in the absence of a gravitational field. Since at least our
approach in Ref. 7 also covers experimental setups like these, we are not
entirely convinced that there is only one universal interpretation of the
phenomenon.

The problem of spatial phase coexistence can be approached on
roughly two levels of complexity. One can assume either that a certain
residual space symmetry survives the process of phase separation or that
the inhomogeneous equilibrium state does not support some sort of restric-
ted invariance group. A typical candidate of the first kind is a plane inter-
face separating two phases like a liquid and its vapor or a solid and a
liquid. In the latter case R is broken up into small fractions of the various
phases or modifications of one or several substances. Well-known examples
are superconductors of the second kind with their filament structures, and
formation of Weiss domains in magnets or quasicrystals. It depends on the
balance between bulk and surface free energy which state is actually
favored.

According to this we divide the treatment into four parts. We start in
Section 3 with the general inhomogeneous situation of classical statistical
mechanics of continuous systems, i.e., we do not exploit any symmetry of a
certain subgroup of space translations. We continue in Section 4 with the
corresponding quantum case. In Section 5 we discuss the special but impor-
tant situation of a planar interfacial layer both for classical and quantum
continuous systems. What we are after in all these different setups is to dis-
play the linkage between the various degrees of breaking of translation
invariance (resp. existence of density gradients) and long-distance
correlations between certain relevant physical quantities and the resulting
physical implications of this.

To this end, Section 2, apart from fixing notations and terminology,
introduces the notion and properties of the statistical mechanical
expression of stress rensor, in both the classical and quantum regimes. It is
the stress tensor that turns out to be the relevant notion in this context.
Since, espcially in the quantum case, a derivation from first principles of
this quantity is given seldomly or only in some approximative way, we take
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the chance to give our own, self-contained derivation, which may be of use
in itself.

As to Section 3, there already exist rigorous papers attacking the
problem from various directions. In Ref. 9 the case of general spontaneous
symmetry breaking in classical continuous systems was discussed, including
space translations. In Ref. 10 the special case of breaking of translation and
rotation invariance was treated for a wider class of potentials. While in
Ref. 9 the classical Kubo-Martin—-Schwinger property was used, Ref 10
exploits the BBGKY hierarchy. These two concepts are related to each
other, but possibly not completely equivalent (cf, Ref 11). Our, as we
hope, new contribution is to bring the stress tensor into play, thus making
the physical implications and the reasoning much more transparent.
Furthermore, the section serves as a warmup exercise for Section 4, where
the corresponding situation is discussed for the quantum case.

It is characteristic that in the case of quantum continuous systems the
expectation value of the kinetic part of the stress tensor is not trivial, in
contrast to the classical equilibrium case. In particular, the off-diagonal
terms of the closely related pressure tensor do not vanish, which reflects the
nontrivial coupling of fluctuations in the various momentum components
with each other and with the particle density. Furthermore, both the
expressions we start from and the calculation in between differ from the
ones in the classical case. The final results, however, are similar.

In Section 5 the special situation of a planar interfacial layer is treated
for the quantum regime. It is typical that the results are stronger in this
case due to the residual translation invariance in the directions parallel to
the interface. Since the case of a one-component classical system was
already treated in Ref. 7, we make only a short aside concerning a special
multicomponent system, ie., the so-called Widom-Rowlinson model (cf.
Refs. 12-14), which has the remarkable property of displaying a bulk phase
transition already in two dimensions, and concentrate on the plane inter-
face in continuous quantum systems (for both bosons and fermions).

2. CONCEPTS, TERMINOLOGY, AND THE STATISTICAL
MECHANICAL EXPRESSION OF THE STRESS TENSOR

Since most of the terminology we will rely on has been frequently used
in the papers mentioned above (e.g., in Ref. 7 or Ref 10), only a few
remarks are in order here.

We stress the fact that we are exclusively dealing with infinite systems.
Then the infinite phase space of classical statistical point mechanics com-
prises the countable sequences

X = {(x;), x; .= (r;, p:) e R x [R"}
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It is assumed that the Jocal finiteness property holds, ie., the set of con-
figurations in phase space with infinitely may particles in a finite volume of
coordinate space is of “Gibbs” measure zero. An n-particle observable, say
A, is (usually) given by a smooth symmetric function a on RYx R and
having a finite support with respect to the position coordinates:

A(X): a(x; ey X;) 2.1)

il
™M

{i{,ms i, all ordered n-tuples.
The Poisson bracket of 4, B reads

{A, BY(X):=Y (0A/or, 0B/dp,— 8A/dp,- OB/or,) (2.2)

i

Sometimes slightly more general objects have to be used, such as the par-
ticle density:

n(ry(Xx) 3225(7“71') (2.3)

or the momentum density
PNX) =Y pie3(r—r,) (24)
The n-particle distribution functions p*)(r,...., r,) are given by
PN e ry) 1= Y LSy —ry) e 8(r,—ry) (2.5)

with {---) the expectation with respect to the thermodynamic equilibrium
state. We have in particular

)y =pMr) pPArr)=p D) = p V() ) (26)

with p&(ry, r,) > 0 for |r; —r,| — oo in a pure phase.

These pure phases of the system are assumed to be prepared by, e.g.,
the Bogoliubov quasiaverage method or by imposing suitable boundary
conditions. We mentioned in the introduction that in case of, e.g., planar
interfaces this concept may be problematic, at least for certain systems
(preparing a “pure phase” implies in this context that also the phase boun-
daries have been fixed).

Further concepts will be introduced in the places where they will be
needed in Sections 3—5. There is, however, a physical quantity that will be
of particular importance in the following and is worthwhile discussing in
more detail here. This notion is the statistical mechanical expression for the
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stress tensor (resp. pressure tensor). We start with its derivation in classical
statistical mechanics.

Taking the time derivative of the expression (2.4) for the momentum
density p(r), we get (with H =3, p?2m+4>,., V(r,—r}))

(djdr) p*(1) := — {H, p*(r)}

~ 00| S (1m) p1 pt otr =) |

Z F“(r,,)[é r—r)—o(r—r)] (2.7)
i#j
where r;:=r,—r; Fi:=—0V(r;)/orf, and V is the reflection-invariant

two-body interparticle potential (for simplicity we treat only the case of a
two-body force). Our strategy is to express the rhs as the divergence of a
certain quantity in order to get something like a “conserved current”
relation.

The second term on the rhs can be rewritten as

Z 11 [5 ) 5(}’—”,-)]

i#j

Z Fx(ry) Jl (dfds) 8(sr;+ (1 —s)r;—r)ds

i#j

r/i( Y F r{jjldsé(sr,-—i-(l—s)k,—r))
0

i

Equation (2.7) now reads

(djdr) p*(r)= — 0. [Z (1/m) pi pl o(r—r,)

i

1
+%ZF:§’H dsé(sr,-+(l—s)r,-—r)]
i’y ,
=3d46"(r) (2.8)

where — [---] is called the statistical mechanical expression for the stress
tensor o*#(r).

Taking the expectation value of —a**(r), we get the so-called pressure
tensor p*A(r).

The expression (2.8) was first derived by Irving and Kirkwood** by a
slightly different method. The nonuniqueness of the definition of the stress
tensor is apparent from our derivation. We chose a straight line in the
integral [} dsd(---) connecting r, and r,. Any other curve joining r,

»Fj
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would do a similar job, leading, however, to different ¢*#(r) (in this context
cf, e.g., Ref. 16).

In the case of quantum statistics things are slightly more complicated
due to the operator character of the expressions. We assume that the par-
ticle creation (annihilation) operators ¥ * () to satisfy Bose (resp. Fermi)
commutation relations, i.e.,

YY)y F T Y (r)y=0(r—r')
YY) FY )Y T () =0=y(r) () FYr) d(r)
O Y(r)= (/)L H, ¥(r)] (2.10)
with

2

i
Hzﬂq—jd"r Vit (r) VY (r)

1
5 [ dirdt g )t ) V=) wr) i)
The momentum density reads

pH(r)=R20) [y 7 (r) 0% (r) = 3% " (r) Y(r)] (2.11)

and the counterpart of (2.7) is

(d/dr) p*(r) = — (h*[2m) D2 { 0P * (r) O (r) + 8%y * (r) O™ (r)
— 3070y (r) Y(r)1}

*J O V(r =1 )Y (Y (M) () dr (212)

To write this as a divergence of a tensor we again have to transform
the second term on the rhs into another form:

[t Vi =ryy () w9
= [ ' a Yo(r =)= o(r =)
X OV — )P ) Y W) )

Il

x fol dso(sr'+ (1 —=s)r" =r) Yy ()Y (r") ¢ (r") l//(r’):l (2.13)
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Thus we arrive at

(d/dt) p*(r)= — 0 [(ﬁzﬂm){@ﬁlﬁ F(r) 8 (r) + 0% (r) 07 (r)
— 30°0° Y (N Y (r)1}

— %f dr' dr" (r'f — ;:”ﬁ) o*V(r —r")

[ dsS(or (=) = P U ) w')}

(2.14)

Again the expression —[---] may be called the microscopic expression for
the stress tensor ¢*/(r) in the quantum case.

3. INHOMOGENEOQUS CLASSICAL SYSTEMS—GENERAL
CASE

We assume that all the inhomogeneities, such as phase boundaries,
crystalline or granular structures, etc., have been fixed by appropriate
boundary conditions at infinity as indicated in the introduction. While the
approach is more or less the same irrespectively of the kind of
inhomogeneity, we restrict ourselves for simplicity in this section to
inhomogeneities reflected in a nonvanishing density gradient, ie,
Vp™"(r)#0 at some places (of course, there may be more general types of
symmetry breaking, as in liquid crystals).

The connection between a density gradient and higher correlation
functions can be established by the expression in the following lemma:

Lemma 1. Let Pr:=3; p; frlr;), where f satisfies
(i) O0<fr(r)<1 forall reR% freC®(RY)

(i) fe(r)=1 for [r[<R

(i1} fr(r)=0 for |r|=zR+c¢

Then the following relation holds:

VpD(r)= lim {{ P, n(r)}) (3.1)
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Proof. Let P% be the ath component of P,. Then

A P%,n(r)}>=— <Z (V,, PRV, d(r — r}-)]>

J

_ <;fn(rj)é% 5(r—rj)>

0
— [ @ p V) falr) 5 8(r = 1)

3
J

=2 000 1)) (32)
:

Whenever R> |r|, we have fr(r)=1 and the lemma is proven. |

Remark. The reason for making a spatial cutoff in the overall
momentum and then taking limits is that }_; p; exists only in a formal sense
and is not really a well-defined object (for details see Ref. 9).

Obviously we have

L{Pron(r)} ) = {Pr,n(r)—<{n(r)>}) (3.3)

In the next step we use the classical static KMS condition‘*"!")

({4, B} ) =p<{B{4, H}) (3.4)
yielding in our case

{Pron(r)} > =BL<n(r){Pr, H} ) —<{n(r)>{{Pr, H}>]  (3.5)

While usually the KMS condition has been formulated for bounded obser-
vables, it can be shown that it also holds in our more general case. The
critical condition is not so much boundedness of observable as their
localization in bounded sets of the configuration space (i.e., with respect to
the r; variables).

With  P%=[d% p*(r') fr(r'), we can replace {P% H} by
[d' fr(r') X5 0%6%P(r') [cf. (2.11)], so that we get

P91 = Jim [ futr)| () 3 08040 )
i, )

- <y (Tt ) | (36)

B

822/45/5-6-4



824 Requardt and Wagner

or, after partial integration,

R — o0

d*pW(r)= — B lim fddr'[<n(r)zaﬂfR(r')a“B(r')>
B

() <Z S flr) a“f”(r/)ﬂ (3.7)
B

This expression immediately leads to the following theorem about the con-
nection between the presence of inhomogeneities and poor decay of
correlations.

Theorem 1. Vp'(r)=0, whenever § < oo, and
(i) jd"r PP VV(r) <o for O<v<l

(i) <n(r) a®(r')> — (n(r)>{e™(r)> = o(lr—r|"“"Y) as

[r—r'| - w

Proof. Assumption (i) is necessary in order that all expectation
values occuring in (3.7) and (ii) are well-defined as we do not assume any
further property of the p" apart from uniform boundedness. Assumption
(1) allows us to write (3.7) as

*pV(r)= —p lim fddr'Zaﬂfze(r')[@(r)ff“ﬁ(r’»
R—eo [
— {n(r)><a™(r')>] (3.8)

The support of 8#f.(¢') is contained in a spherical shell with radii R
and R+ e Therefore, as r is fixed, boundedness of [Vf(r)| and (ii) imply

fddr/ OPfr(r)[<n(r) a™(r') ) — {n(r)><a™(r')
=0(R " Ho(R“ V)y=0(1) as R

Remark 1. Theorem 1 remains valid if ¢*#(r') is replaced by its
spherical average

5 =6 (') = [ d2 o7, @)

Remark 2. Tt is one of the merits of employing the notion of stress
tensor in this context that one gets space derivatives 87 in front of ¢**. By
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partial integration and 6°f,(r')= 0 for |r'| < R it then becomes immediately
obvious that n(r) and o¢*#(r') are correlated over long distance if
d*pM(r) #£0.

Assuming Maxwellian nature of states from now on, we derive some
estimates concerning the decay of truncated n-particle density functions.
For this purpose, we insert the explicit form of ¢** into (3.7). Performing
some trivial integrations and using

Jl ds 3(sry + (1 —s)rz—r')zf1 ds 3((1 — s)ry + 72— )
0

]

we get

pP(ry=p lim Z{ d‘r' | d“p’
R— oo ] j j
x 0P fp(rym= pp P Lp P r, v, p') = pV(r) p (', p')]
+f " r(rym™pp P (r, p')
[t i [, @V = ) 1)

1
xj ds o(sry+ (1 =s)yra—r)pP(r, 1y, ry) — p(r) p2(ry, 13)]

=}

jdd/jddrlaﬁffz (r) 0"V (r, —r)(rf—rP)

ledvé (sr, + l—s)r—r)p‘z)(r,rl)} (3.9)

0

The proofs of the following theorems are carried out using various
estimates of (3.9):

Theorem 2. Vp")(r)=0, whenever f < o and
(i) jd"r ' IVV(r)l <o for O<v<d

(i) ,0(72)(”1’”2)20(|”1_”2|—((17“) as |ry—ryl > o0

(iii) pPry, ryyrs)=o(r;—ry| ")) uniformly
imry; as |r —ryl > o0
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Proof. As we restricted ourselves to Maxwellian states, the first term
on the rhs of (3.9) yields

[ [t Syt
x[pPr, v, p')—p'V(r) p(r, p)]
= [l B o alr) PR, )
=O(R* ") o(R“~ M) =0(1)

as R — co. Here we used (ii) and the support property of 0%, mentioned
in the proof of Theorem 1.

The second term on the rhs of (3.9) vanishes whenever R> |r|. In
order to estimate the third term, we first note that

p( )(rlarZarB) p (rl’r2ar3)_p(l)(r1)p(2)(r2’r3)

=.0( ("1”’29”3)+P(1)(r) (rl,r3)+p(l( ).0(7%)("1;"2) (3.10)

Using (i1) and (iii), we can split this expression into two terms, one of
order o(|r, —r,| ~“~1), the other of order o(|r, —r;| ~“~ ). Now,

[ atr [ atr, [ diry 6% alr') *Vir, — )l = 1)
1
x [ ds (s, + (1 =)y — ') pr, ry, 72)
0
= [t [ i, [ aiey 0oty 2V ri)rf
1
x[ ds 6(ri— (1 —s)ra—r") pPr,ry, ry—rh)
0
= [t [ e Oy 02V ()

1
xj ds p3(r, '+ (1 — §)rh, 1’ —sr5)
0
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At this point, it is advantageous to split the integration over r} into the two
domains, |r5(< R/2 and |r}| > R/2. As the support of 8%f4(r’) is contained

in the shell R< || < R+e, |ry| <R/2 implies [r' + (1 —s)ry = R/2 and
[r"—sri] = R/2 and therefore

pr, r + (L =8)ry, 1’ —sry)=o(R™11)
Thus
[air | ar oty o v
Iry] < R/2
1
X r’zﬁj ds i, '+ (1 —s)rh, ¥~ s13)
O

—O(R*")o(R™“=) [ ay i 0*V(ry) = 0(1)

Iyl < RJ2

as [r[|IVV(r)| is integrable.
In case of the other domain [r}| > R/2 we use uniform boundedness of

lpil:

U ar f d’ry O (r') O*V (1) rf

193] > R/2

1
xf ds p®(r, ¥+ (1 —s)rh, ¥/ —sr%)
0

<[a [ N IV
|ryl > Rj2

xmax|pl - (rgl 42/ R)*!

=O(RTRD [ V() = o(1)

[rsl > R/2
since the integrability of |r||V¥(r)| implies

lim ar \r|IVV(r)| =0

R-> o0 Yy > R/2

Provided R>|r|, the fourth term on the rhs of (3.9) can be written as
follows:
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| a4 [ a "y ) BV = ot )
xjo ds (st + (1 —5)r — ') p2(r, r,)
= [, %jol ds (1t — 1) 0'f alsr, + (1= 5)r) 0V(r, — ) p Do, )
= [, Lflr) = flr)] VA = 1) p 1)
— [ dr, Lfalr) = 118V = 1) p P, 1)

=[ i LS = 11V =) p )

|ril>R

The modulus of this last expression is bounded by

max p‘z’J. dr, VV(r, —r)|
|ril >R

Thus, it vanishes as R — co due to the integrability of |VV(r)|.

Theorem 3. Vp"'=0, whenever < oo and

(i) [ VY] <

(1) P(Tz)(”u”2):0(|”1_r2|7(d+€)) as |ry—ryl >

(i) pP(ry, ra, r3)=O0(lr; —ry ~“*) uniformly in

ryas |ry—ryl o o0

Proof. The estimates for the first, second, and fourth terms on the
rhs of (3.9) given in the proof of Theorem 2 also apply in this case and
need not be repeated here.

The third term can be written as follows:

[t [ i, [ @, ¥ 0r) Vir = ra)(rt = 1)
B

i
x’[ ds o(sry+ (L —=8)ra—1) p®r, ry, 1y)
0
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1
:fddrljddrzj ds S (xf — x8) f plsry + (1—5)r5)
0 B
X OV (ry—ry) pPAr, vy, 73)

= [ dr, [ @', Lfalr)) = falr)1 8V = r2) 00 1y 1)

Conditions (ii), (iii), and (3.10) imply
61V(rl - rZ) p(13)(r3 ry, r2) ELI(RZd)

for fixed r. Thus, we can use Lebesgue’s dominated convergence theorem to
write

lim [ %, [ d'ry [fulr)) = Falr2)10Vir = 12) pP0 7y 1)

s
= [y [ 'y T [falry) = falr2)] 2WAr = 12) pP (11, 3)
=0 as lim [fx(r) = falr2)] =0

pointwise in R

Remark 7. Given a non-Maxwellian momentum distribution,
Theorems 2 and 3 remain valid under the additional requirement

[ @y 22001, 120 p2) = p(r1) 913, )]

=o(|r; —ry| 7€ 1)

as |ry—r,| — 0.

Remark 2. One should mention that the statements of Theorems 2
and 3 have already been proved in an approach exploiting the BBGKY
hierarchy by Gruber et al.!%2")

It is not astonishing that the use of the KMS condition yields identical
results, since classical BBGKY and KMS properties are known to be
equivalent in the case of Maxwellian momentum distributions."

We gave an alternative proof for several reasons: First, the techniques
employed can immediately be transferred to the quantum case. Second, our
proofs seem to throw some additional light on various support and cluster
properties as well as the behavior of the kinetic contributions.
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Furthermore, Theorems 2 and 3 appear as natural and immediate con-
sequences of our KMS approach which, however, comprises much more,
since it also leads to correlations between more general physical obser-
vables, such as density, stress, etc.

We conclude this section with the following nice observation:

Proposition 1. Let the KMS state obey strong clustering in time,
ie, lim, {4 B,>={A> {(B), with time evolution given by the
Liouville operator; then the following holds:

(A By =AY (By=B " [ "di ({4,B)) (3.11)

Proof.
(A-B>—<(A> (B)>=lim, . _ jo d' (djd')<A- B, :jo dt' {A{B,, H}>

= [ arcia B

(the last equality being a consequence of the KMS condition).

On the one hand, the above relation establishes a link between static
(i.e., equal time) and a special sort of dynamic correlation. On the other
hand, it is the latter that has a direct analog in the quantum case, while the
counterpart of the static correlation does not seem to have any immediate
physical interpretation. We shall come back to this point at the end of the
next section.

4. INHOMOGENEQOUS QUANTUM SYSTEMS—GENERAL
CASE

Our approach will be along similar lines as in Section 3 with the
proviso that some steps become slightly more complicated due to typical
quantum effects. Our methods apply to both bosons and fermions.

Lemma 2. Let P, ::jd"rfR(r) p(r) with p(r) of (2.16), fr(r) as in
Lemma 1, and n(r) :=¢ " (r) Y(r). Then

Vp(r)=V<n(r)) = lim ((1/ih)[Pg, n(r)]> (4.1)

Proof. Relations (2.9) can be used to compute
(V)L p(r), ¥ () () 1=30¢ " (r) 6(r—=r") V. Y (r')
=y ()Y, o(r =Y (r') = T(r)V, 80— 1) Yi(r)
V() 6(r =) ()]
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Therefore,

UL+ 001> = (Sl NI P00 ) 607 )
SV ()W) falr))

Whenever R > |r|, we have fr(r)=1 and the lemma is proven. |

In the next step we agaifl replace n(r) by n(r)— {n(r))> and use the
quantum mechanical KMS condition. Denoting time evolution by «,,

a,A = [exp(iHt/h)] A exp(—iHt/h)
it reads
(AB) = (BoyyA4) (4.2)

where 4 and B are elements of the algebra of observables /. As a con-
sequence, we have the relation

([4, B]) =< BoyzA)— (BA)

B d f ~
= < dt B— (oc,-,,,A)> = <f dr Bouy, [ A4, H]> (4.3)
dar

0 o]

where A denotes the generator of a, in the concrete representation under
discussion. Under certain mild assumptions (e.g, that the time
automorphism 1s approximately inner, ie., that more or less
ﬁalimMHx (H,— H), with H, the formal Hamiltonian of (2.10) for
finite volume A, assumed to be affiliated with &/ (H’, the mirror element
being affiliated with its commutant /'), we can replace [4, H] with
[4,H] :=lim, , [4, H,] and get

B | B
A 51 = ([ de Byt 1)) = ([ dex e BOLA Y ) 40

the last equality being a consequence of time-translation invariance of the
equilibrium state.

Remark. Usually relations like (4.2) and (4.3) are proved for the sub-
class of analytic elements of &/. We assume that time evolution can be
extended to o/ in the concrete representation under discussion. We even
assume the relations to extend to possibly unbounded elements (e.g.,
products of field operators) which are only affiliated with 7 as long as they
are sufficiently localized in space (e.g., quasilocal). The possibility of such
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extensions is discussed in Ref. 22. Nevertheless, the very existence of objects
like, eg., ¥ (x)y¥(x), imaginary time Green’s functions, etc, has
apparently nowhere been proven for interacting systems and infinite
volume. So we have to postulate that expressions like these have a well-
defined meaning in some sense (at least after an appropriate renor-
malization procedure).

In our case, (4.4) yields

1 1
(55 1Phntr1]) = (5 TP ()= Cn(r1>1 )
| o 0 1
(I Tt Pi 1) = ([ gt ) L 1)

= [ s {([ st gl ")

e (St )|
e {17 e a1 0 o)
y )

— Ben(r)) <Z & ol o“”(r')>} (4.5)
i

where ¢** denotes the quantum mechanical stress tensor introduced in
(2.14).

Observation. 1t is known that for a large class of potentials and cer-
tain ranges of thermodynamic parameters the so-called reduced density
matrices are bounded, continuous functions (cf. Ref. 20 or Corollary 6.3.20
in Ref 19). Due to the unavoidable lack of normal ordering in certain
expressions of (4.5) brought about by the complicated term a,, n(r), we
cannot expect this to hold for the expectation values in (4.5). However, on
physical grounds we expect the expressions in (4.5) and similar ones below
to be bounded continuous functions in r’ provided that they are smeared in
r with an arbitrary but fixed test function from 2 (i.e., a C*-function with
compact support).

In analogy of Section 3 we get:

Theorem 4. Vp'')(r)=0, whenever 8 < oo and

(i) jddr1r|"|VV(r)|<oo for 0<v<l
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(i) [ i) {<j

([ e 1) o015

=o(lr'|7“" "y as |F|> oo forany he2

dt [y ()] a“/‘(r’)>
s

The proof runs along similar lines as that of Theorem 1. Furthermore, the
remarks succeeding the proof of Theorem 1 apply here as well.

Introducing the explicit form of ¢*# into (4.5), we again are able to
boil this down to some statements concerning the decay of more clemen-
tary correlation functions. However, in contrast to the classical case, it is
not the usual truncated n-particle densities that show up, but more com-
plicated density correlations, and, due to the nontriviality of the kinetic
part of ¢*, even correlations involving derivatives of field operators. Now,
(2.14) and (4.5) yield

&pH(ry= lim ¥ {;_mj dr 0% x(r") <f0 , dr [ag.n(r)]

R— % I

[ (1) 3 () + 3+ () a“w(r'>1>

2

h_
— [ d @A)

: <J0/f dv Lo n(r)JLY () l//(”/)]>

T

»

— %J dr f d’r, Jp dry OPf (XYl —¥B)Y OV (r, — 1)

0

1 0
XJ dso(r' —sry— (1 —=3)ry) [<J dt [ oy, n(r)]
f
X Y (r) () () w(m)]>

- ﬁ<n(r)><¢+(r1)¢'+(rz)l//(rz)l//(rl)ﬂ} (4.6)

Here and in the following, {---); denotes total truncation, defined in the
usual way, eg.: {A(r)-B(r')> 1= {A(r)-B(r')> — (A(r)) - {(B(#')) etc.
(see also (3.10)).
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Theorem 5. Vp'")(r)=0, whenever § < oo and

(i) jddr|r|V|VV(r)|<oo for 0<v<d

i £y = [ (" dennty w1} e erve)

=o(|F1"“" ") as |F|>oo forany heD

i) Gt eyi= [t (1] de o101

LT Y (r) e (r) w(r’)]>

=o(|r'| "“~") uniformlyin r

as |¥|— o forany he2

i) a0y =[ane) (1 o wen)

x Lo (r) 0Mp ) + 0+ (1) 5"!//(r’)]>

=o(lr'|"“ "y as |r|— o0

forany o, andany he@

As the smeared correlations in (ii), (iii), and (iv) are assumed to be
bounded functions (see observation above), the proof runs along similar
lines as the treatment of the first and third terms on the rhs of (3.9) in the
proof of Theorem 2.

Theorem 6. Vp"' =0, whenever < oc and

() [ 19Vl <o

(i) F(r)=0(r|"“*") as [r'|—>w
forany he2

(ili) G, (r,r"y=0(r|"“*9) uniformlyin r"
as |r|—> o0 forany he9P

(iv) H,(r)=o(lr'|~“"") as |r'| > o0

forany he%
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Again due to the uniform boundedness of F,, G,, and H,, the proof is
accomplished by the same strategy as used in those of Theorems 2 and 3.

Remark. The nontriviality of the kinetic contribution is reflected in
condition (iv) of the preceding theorems. In classical systems such com-
plications would only arise in case of the (possibly) exotic non-Maxwellian
states (cf. remark 1 succeeding the proof of Theorem 3).

As already indicated at the end of the previous section, the at first
glance unfamiliar correlation functions F,, G,, and H,, involving
imaginary time integrations, can be given physical significance by the
following.

Proposition 2. Let the KMS state obey strong clustering in time.
Then

[ el ) B~ <>y 1= [ e im0, 81 47)

Proof. Using the strong cluster property and (4.3), we get

fﬂdr [<(tneA)- By — CAYCBY]

lim 0dz‘< & (a,,,TA)(d/dt)(oc,B)>
-8

T—oo vy

["ar [" de <o) (1/it)02, B, 1T

:JO‘” di{(1/if)[ 4, a,B]> B

We also mention Theorem 5.4.12 of Ref. 19 in this context. One sees
that the right-hand sides of (3.11) and (4.7) are just the so-called
generalized static susceptibilities y , of linear response theory.

Thus, we may say that a general feature of inhomogeneous classical
and quantum systems is the poor decay of certain static susceptibility
functions in position space.

5. THE PLANE INTERFACIAL LAYER, CLASSICAL AND
QUANTUM CASES

Since the liquid-gas interface of one-component classical fluids has
already been treated in Ref. 7 we will provide only the necessary minimum
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of concepts and definitions in order to be able to motivate the approach,
given in the sequel, for quantum systems.

We study the case of a plane interface layer in d-dimensional space,
F=(x;,.., x,). In order also to cover situations like solid—gas or solid—
liquid coexistence, we assume the system to be only invariant under the
translations belonging to a (d— 1)-dimensional Bravais lattice with x,
being perpendicular to the (d — 1)-dimensional hyperplane, {r|x,=0}, con-
taining the lattice. The set of lattice points p; is denoted by G; G is a finite
piece of G defined by

Gri={p,x"+ - +x{p?, <R?} (5.1)

Remark. In the case of the spatial coexistence of a crystal and a gas
or a liquid one has of course to expect that in the vicinity of the crystal
phase boundary there is a certain regrouping of the crystal atoms by which
the periodicity of the layers may change. These effects, ie., a continuous
change of periodicity parallel to the surface with the distance from the sur-
face, will be studied elsewhere in order not to overburden the paper with
respect to complexity of notation.

Before we come to the quantum case, we would like to make a short
aside concerning continuous classical systems consisting of several com-
ponents. A typical example is the so-called Widom-Rowlinson (WR)
model,'> ' which exhibits a bulk phase transition already in two dimen-
sions and which consists of two species 4, B. Tt can be shown that, after
slight modifications, the procedure developed in Ref. 7 can be extended to
cover more complex situations like the above with analogous results, e.g.,
there is no stable A-B interface in two dimensions.

As already remarked in the introduction, there are indications that a
flat classical interface cannot be maintained for d= 3 in zero gravity. In our
view the corresponding arguments are not conclusive in the regime of
quantum systems. It is well known that, e.g., in superconductors of the
second kind or superfluids interface formation may be enhanced by a
possibly negative surface tension (with the orientation of the interfaces
being obviously independent of the direction of the gravitational field).

As in Ref. 7, we shall employ from now on a modified cutoff function
in the expression for P, i.e., we define f(r)=/f(|r|/R), feC™, f(s}=1
for 0<s<1, f(s)=0 for s> 2. The main tool in the following will be the
quantum version of the Bogoliubov inequality, which, in a first step, can be
shown to hold for the subset of analytic elements of the algebra of obser-
vables .« and then extended to the full .« by continuity arguments and to
unbounded operators that are affiliated with & under certain technical
assumptions (see, e.g., Ref. 22).
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Under this proviso the Bogoliubov inequality reads
[(ih)~'LA4, BI>I> < (B/2)<B*B+ BB* ){(ih) "' [ 4, (ih) "'[4*, H]11) (5.2)

We refrain from dropping the factors (i#) ™' both to exhibit the correspon-
dence between the classical Poisson bracket {4, B} and (#)'[ 4, B] and
to be able to identify purely quantum mechanical contributions vanishing
in the limit £ - 0.

With G, Gg, P as above, using (5.2) and the translational invariance
under G, we can write for A€ @ and sufficiently large R:
2

Y on(r+p))

peGpr

1
<[Pk,jd"rh o7 T =)

pelp

Uddrh(r) o*(n(r)> T

Udd’h Gl

2

(5.3)

2

i

1
<B [ dr [ @’ h(r) h(r) Tt

x 2 X [alr+p)n(r' +p')> = <n(r)><nlr))]

peGr p eGp

1 1
Galregirm)
1

|G Rl?
x 3 Y L r+p) g (" + o)W +p ) Y(r+p) ),

peGr p'eGpr

# 30 p ) b)) (5| Pho 1)
_ﬁ< [p;,. [Py, H DD;G”EZGRIGRVU [ i Gy hr

xpPr+p,r'+p)+ fd"rh(r)h(r+p—p’)p“’(r)] (54)

The double sum in this last expression is identical to that arising in the
classical case. (Note that in the corresponding equation of Ref. 7 a term is
missing.) Therefore for d> 2 we have

Yo N iG 12 “)=o0o(R™“~2) as R—

peEGR p eGp

=B [ d' [ d% hr) W) ——
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whenever p(r, r')=o(|lr —r'| "“~?) as |r—r'| > 0. For d=1 there is no
lattice average and the double sum reduces to

[ ar [ @ hryhe') p P, ) + [ dr 1) p ()

which is bounded and independent of R. Thus, whenever we are able to
show that

1 1
<;%—|:P°,;,%[P“,H]}>=O(R"2) forany d=>1

by (5.4) we can conclude that Vp'")(r) = 0. The circumstances under which
this is possible are stated in the following:

Theorem 7. Let < co. Then Vp'"(r)=0 if the following holds:

(1) pNAr), pBAr, r'), (8% T+ (r) 3PP (r)+ 0%y (r) 8*y(r)> are bounded
functions,

() pP(nr)=ollr—r|~“"2) as |r—r|>oo0
(i) [ dr 121072 V() <0, 1<a<d

(iv) p(r)=p"(r+p); pPr,r)=pP(r+p,r'+p) forall peG

Proof. The calculation of the twofold commutator (1/i)[P%,
(1/in)[ P%, H]] is somewhat lengthy and cumbersome, but nothing but a
straightforward application of the (anti-) commutation relations (2.9). We
quote the result:

1 1
hz d B
—Zafdr§afﬂm

x {2 w(r) G* L0 * (r) P (r) + 8"+ (r) 074 (r)]

+ 487 o(r) 0%yt (r) 8P (r)

+ 3% (r)[0*Y * (r) 8% (r) + %Y * (r) &Y (r)]

— OV R(r) LY (1) Y(r)] = 33 f o(r) Y+ () Y (r)
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— 0%flr) 0% [y (r) Y(r) T — flr) 0% [y * (r) Y (r)]
— 20°f&(r) >0 LY * (r) ¥(r)]}

+ 4 [l [ @ [ falr) = o) T
X (O V(r—r )y (N () () (r)
+ [ dir [ i’ folr) & alr) V(= 1)

XY ()Y () (5.5)

The last term in this expression is the only one that does not seem to
behave well enough in the limit R — co. But since we are only interested in
expectation values, it can be canceled by the following trick, well known
from the classical case.” Define

Proi= [ dr fulr) @ alr) p7(r)

By time translation invariance of KMS states we have
{(1/ih)[P%, H]) =0 and therefore

1 1 1 1 12

P 1P H =(—=| P%, —[P* — [ P%, H .
(il e trem )= (G| P trem [ P ) o)
The calculation of (1/i#)[ P%, H] is again straightforward and yields

LB H _7 d“ of

= [Py H)=— | 1) o)
x {0700 L (r) W(r)] = 20°L0° * () % (r) + 0%y * (r) () 1)
— [ [ ' fulr) @ alr) V=) 4= () ) W) Y(r)

Thus, using (5.6) and performing some partial integrations, we have the
final result:

1 1
Gl gt m])
= S 01 r) D)0 (1) D)

+ 342
dm

J d’r Y, 0% a(r) Of alr) <O+ (r) 8" (r) + 8"y * (r) 6% (r) )
8

822/45/5-6-5
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hz d xAxaf oA f a
- Efd r§ (40°0°0" o(r) 0% a(r) + 20%070Pf o(r) 0*f u(r)
+ 3050 1(r) 350 () + 20°0° 4(r) 6707 o)} ()
5[ [ @ L) = o P V=)o@ ) (5)

With the explicit form fg(r)=f(|r|/R), we sece that d*f,(r}=O(R™") as
R — o; thus, the first two terms on the rhs of (5.7) are clearly O(R“~2).

The fourth term is identical to the one appearing in the classical case
and is therefore also of order RY~2(7

As to the third term, we note that with our choice of f, contrary to a
surmise of Martin,**’ the higher derivatives of f do not cause any trouble
whatsoever, but have an even faster decay. The expression in curly brackets
is immediately seen to be O(R™*); thus the third term is of order R~ * and
therefore completely well-behaved.

Remark 1. The assumed boundedness of (8% "y + 0%+ %y is
connected with the rather natural requirement that the pressure tensor
should be a bounded quantity.

Remark 2. The third term on the rhs of (5.7) is easily identified as a
purely quantum mechanical contribution vanishing in the limit 4 — 0. This
term is O(R?~*) and thus reflects the harmlessness of quantum corrections
like these.

Remark 3. Theorem 7 remains valid if the clustering assumption
pP(r " y=o(lr—r'|7“"2) as jr—r|>w
is replaced by the weak clustering assumption
P y 2 Y

1
|Gl

O(r, ' +p)=0(R ) as R— oo
PT

peGr

Remark 4. Examples covered by our procedure are plane liquid—gas
or liquid-crystal quantum interfaces as well as purely crystalline states.

Remark 5. Under the assumptions made in Theorem 7 or remark 3,
Vp"'=0, whenever d< 2, provided that there is some sort of clustering of
p® at all.
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